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OKpY>KHOCTH U CHCTEMBI OKPY>KHOCTEH

1. 3aganue 16 Ne 501692. OxpyxxkHocTH paguycoB 2 u 3 ¢ uenrpamu Oj u O COOTBETCTBEHHO Kaca-

1otcs B Touke A. [lpsimas, npoxoasias yepe3 TOUKy A, BTOPUYHO MEPECEKaeT MEHBIIYI0 OKPYKHOCTh
B Touke B, a 6onbiryto — B Touke C. Haiinute mnomazns tpeyronsauka BCO,, ecniu £ ABO; = 30°.

Pemenne.
Touku Oy, O, u A nexar Ha ogHolt npsiMoit. ITockonbky TpeyronsHuku BO;A u CO,A paBHOOEn-

penmbie, ZABO, = LBAO, = £ CAO, = £ ACO, = 30°, otkya %
ANNY

AB =201Ac0s30° = 4c0s30°, AC = 20,C cos30° = 6¢cos 30°.

Bosmoxubl 1Ba cirydas. IlepBbrif cirydail: OKpy>KHOCTH KacalOTCsl BHyTpeHHHM obpasoMm (puc. 1),
Toraa To4uka B nexut mexay Toukamu A u C, otkyna BC= AC— AB = 2cos30°.

BC €O, ';MBCOZ — 3¢0s30°sin30° = —3f.

Puc. 1

Seco, =

BTopoii cimydaii: OKpy>KHOCTH KacaroTcsi BHEIIHMM 00pa3oM (puc. 2), Torna Touka A JIeXUT Mexay Toukamu B u C, oTKyzaa
BC=AC+ AB=10cos30°.

BC-CO; -sin ZBCO 15v/3
Spco, = 2 ;m 2 — 15c0s30°sin30° = T\[ ‘

W s ~

OTBeT: 4 503071 4 B

Puc. 2

2. 3amanue 16 Ne 507379. PaccrostHue Mexay LEHTpaMH OKPYKHOCTEH paanycoB 2 U 8 paBHO 15.
DTHUX OKPY)KHOCTEH M WX OOIIEH BHYTPEHHEH KacaTeIbHOW KacaeTcs TPEThsl OKpYX)HOCTh. Haiinure eé
panuyc.
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Pemenne.
JlokaxkxeM CHayana cienyrouiee yrBepxkiaenue. Ecima — paccrosd-
HUE MEX]y LEHTPAMH OKPYXKHOCTEH paguycoBr u R,, a >r + R,
o0111as BHEIIHSSI KacaTelbHas KacaeTcsi OKPY)KHOCTEH B TOUKax A u
B, obmast BHyTpeHHsis B Toukax Cu D, To

AB=\/a>—(R—r)?, CD=\/a*>— (R+r)>.

HeiicTButensHo, nycts O; U O) — LEHTPbI OKPYXKHOCTEH pa-

AuycoB r 1 R cooTBeTcTBEHHO (cM. puc.). M3 Touek O; u O, omy-
cTuM nepneHauKyisipel O; Q Ha npamyo O,B u O,F Ha npamyro
O, C. 13 npsmoyroibHbIX TpeyroiabHukoB O;Q0, u O, FO, Haxo-

JIMM, 4TO
01Q:\/01O%_Q02:\/aZ_(R—r)27 O2F =1/ 0,02 —FO? —\/a® — (R+r)2.

— — 2 2 . ..
CrenoBarenbHO, CD = OyF =/a~— (R +r ) - IIycts x — paanyc ucKoMoOW OKpykHOCTH, O — e€ HeHTp. 3aMeTHM,
yro npamas CD — nubo oblias BHELIH: KacaTellbHas OKpy»kHocTel ¢ neHrpamu O u O, (cM. puc.), 00 OKpYXKHOCTEH ¢ LieH-

tpamu O u O (cM. puc.). B nepBoM HHMX 3THX ClIy4aeB MCKOMAas OKPY:KHOCTb kacaeTcs npsamoil CD B Touke C, BO BTOpOM — B
Touke D.

To noxasaunomy CD = 152 — (842)% = 5V/5.

B mepsom cmywae CD — o0mas BHEHHAs KacaTelbHas K OKpyKHocTH ¢ ueHTpamu O u O,, TOITOMY
125
CD = \/(X—i- 8)2 - (8 _x)2 =4V 2x, 3naunt, 4V 2X = 5\/5, otkyga X = E
Bo Bropom cmydsae CD — o6mas BHEImHSS KacaTeldbHas K OKpPY)XHOCTAM ¢ 1meHtpamu O u O, mo3ToMy
— 125
125 125
OtBer: 3, W ?
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3. 3apanue 16 Ne 507380. Ha cropone mpsimoro yria ¢ BepmnHoit A B3sta Touka O, npuuéM AO =
7. C uentpoM B Touke O MpOBEJIEHA OKPYKHOCTh S paauyca 1. Haliqure pagnyc OKpy»KHOCTH, BIIUCAH-

HOM B JIaHHBIM YTOJI U KacarouIehcs OKPY>KHOCTH S.

Pemenue.

ITycts Q— 1eHTp NCKOMOIT OKPYKHOCTH pagmyca R, B— TOYKa KacaHUs 3TOU OKPY>KHOCTH co ctopoHoir AO, C'— TouKa Ka-
caHHua OKpykHOcTell. L{eHTp OKpyXKHOCTH, BIHMCAaHHONH B YTOJN JICKHT Ha OucCcekTpuce ymia, 3Ha4unT, £ BAQ = 45°. Torma
AB =(QB =R JluHusd UEHTPOB [BYX KacaloIUXcid OKPY)XHOCTEH IPOXOMUT dUYepe3 TOYKY WX KACaHUSA, IOITOMY
OQ=0C+CQ=1+R.

Paccmotpum ciydaii, korna Touka B nexut mexny A n O. (eMm. puc.). Torna R < 7. I1o teopeme Iludaropa 0Q’ = QB + OB,
w (1 + R)2 =R*+ 7- R)z. ITocnie oueBUIHBIX YIPOLIEHUM NOJIyYUM YPaBHEHHUE R>—16R+48=0, y4MThIBas, uTo R <7, Haxo-
UM, uT0 R =4,

Ecmu xe Touka O nexut mexny A u B (cM. puc.), TO aHaJIOTUYHO TOJTYYUM, 4To R =12,

R C A

45° I 45° d

OtseT: 4 win 12.

4. 3apanue 16 Ne 507381. PaccrostHue Mexay LEHTpaMH OKpYXKHOCTEN paauycoB 1 m 9 paBHo 17.
O06e OKpYXHOCTH JieXKaT MO OIHY CTOPOHY OT OOIIei KacaTelbHOH. TpeThsi OKpPY>KHOCTh KacaeTcs
o0eunx OKpy>KHOCTeW U uX oOuieil kacarenpHOM. Haliaure pannyc TpeTbeil OKpy>KHOCTH.
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Pemenwue.
JlokaxxeM cHayana cieayrolee yTBepxjaeHue. Eciim a — paccTosiHue Mexay IeHTpaMu
OKPYXKHOCTEH pajuycoB r u R, a > r + R, oOuiasi BHEIIHss KacaTelbHasl KacaeTCsl OKPYXK-
HOCTEH B Toukax A u B, TO

AB=\/a*—(R—r)?, CD=\/a*>— (R+r)>.

HeiicTButensHo, mycts O; U O) — LEHTPHl OKPYXKHOCTEH pajuycoB I U R cooTBerT-

CTBEHHO (cM. puc.). 13 Touek O u O, omyctuM neprnenaukysipsl O Q Ha npsamyto O,B.
W3 npsmoyroneHoro tpeyronsHuka O; QO, HaX0auM, 4TO

AB=0,0=1/0,03 - 003 = \/a> — (R—r)2,

ITycts x — paamyc Tpetheil okpyxHOoCcTH, C— €€ TOUKa KacaHus ¢ IpsMoil AB. 1o JoKa3aHHOMY:

AB= /172~ (912 =15, AC=/(x+1)>~ (x— 1)> =2V,

BC =/ (x+9) — (x—9)> = 2V0x = 6V/x.

15

Ecmu touka C nexut mexny A u B (cMm. puc.), To AC + CB = AB, win 2\/3_C—|- 6\/)_6 = 15. Torna \/;C = §> OTKyZIa
225
X = a Ecnu Touka C nexxut Ha npojomkeHun orpeska AB (cm. puc.), To CB —AC = ARB wim 6\/)_6 - 2\/)_6 = 15. Torma
15 225
\/3_C = Za oTKyma X = ﬁ
225 225
OrtBerT: 16 WA 64
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5. 3amanue 16 Ne 507383. Llentp O OKpy>KHOCTH pajauyca 4 NpUHAIIEKUT OUCCEKTPUCE yITIa BEJIU-
yuHoi 60°. Halinure paguyc OKpy>KHOCTH, BIIMCAHHOM B JIAaHHBIM yYTOJ M Kacarolleicss JaHHON OKpPYK-
HOCTH, €CJIM U3BECTHO, YTO PACcCTOsIHUE OT TOUKK O 0 BEpIIMHBI yriia paBHoO 10.

Pemenue.

ITycth Q — meHTp UCKOMOH OKPYXKHOCTH pajiyca X, B — Touka KacaHWS OJHOM W3 CTOPOH JAHHOTO yIJa C BEPUIMHON A.
LeHTp OKPYXKHOCTH, BITUCAHHOW B YTOJ, JCKHUT Ha OMCCEKTpHCE yIa, mo3toMy £ BAQ = 30°. V3 mpsAMOyroIsHOTO TPEyTrOIbHUKA

BAQ naxomnM, uto AQ =2(QB = 2x. PaccMoTpuM ciy4aii BHEIIHET0 KacaHus oKpykHocTed. Ecnu Touka Q nexut mexny A u O
(em. puc.), 7o AO =AQ+ QO, umn 10 =2x + (x + 4), OTKy1a HAXOAUM, YTO X = 2.

Ecmu touka O nexut Mexny A u Q (cm. puc.), o0 AQ=AO+ OQ, nmu 2x =10 + (4 — x), oTkyna x = 14.
PaccmoTrpuM cirydait BHyTpeHHET0 KacaHus okpykHocTei. Eciu Touka Q mexut mexay A u O (eMm. puc.), To AO=AQ+ QO,

14
wm 10 =2x + (x — 4), oTKyJa HaxoauM, 4ro X — —5~-

3

Ecnu Touka O nexut mexay A u Q (cm. puc.), To AQ= A0+ OQ, mmn 2x=10+ (x 4), otkyzna x = 6.

14

OtBerT: 2; 14; ?2 6.
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6. 3amanue 16 Ne 507385. JIBe okpyx’HOCTHU nepecekaroTcsi B Toukax A u B. Uepes Touky A npose-
nenbl quametpbl AC 1 AD stux okpyxkHocteil. Haliiure paccTossHue MeXy LIEHTpaMu OKPY>KHOCTE,
ecm BC=17, BD=3.

Pemenue.

ITycts nentpsl okpyxHocreil O; u O,. ScHo, uro O;0, — cpennsa nuHus TpeyronsHuka ADC. Ilposeném otpesok AB.
Vet ABC u ABD — BnucaHHbIe, U Kbl U3 HUX ONMPAETCS Ha JUAMETP COOTBETCTBYIOLIECH okpyxHOCTU. Cllen0BaTeIbHO,

£LABC= £ ABD = 90°. Takum obpa3om, Touku C, B u D nexar Ha oJHO# npsiMoi. Bo3MoxHs! 1Ba ciydast: Touku C u D nexar
T10 pa3HbIE CTOPOHBI OT TOYKU B MM 10 OIHY CTOPOHY OT TOUKH B (cM. puc.).

A A
{J
1
D B c B D
1 7+3 1 7-3

B nepBom ciyuae 010, = ECD = =5. Bo BTOPOM ClIy4ae 0,0, = ECD = 5 -

2 2

OTBeT: 5 mm 2.
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7. 3aganue 16 Ne 507653. Haiinute nmuHy oTpeska oOIIeil KacaTeabHOM K JIByM OKPYXXHOCTSIM, 3a-
KIIFOUCHHOTO MEXIy TOYKaMU KacaHWs, €CI PaJIuyChl OKpy>XKHOcTel paBHbI 31 m 17, a paccrosHme

MEXIy LIEHTpaMU OKpYKHOCTEN paBHO 50.
Pemenue.
ITyctb HeHTpsl OKpyskHOCTEH — Touku O u O,, a A u B — Touku kacanus. IIposesnem yepe3 Touky B npsaMyo, napaiieib-

nyto O, 0,. Touky nepeceuenus toii npsamoii ¢ Oy A 06o3nauum K. Tpeyronbauk KAB — NpsAMOyroibHbIH.

Bo3MoykHBI 1Ba ciTyyasi pacoN0oKeHUs OKPYKHOCTEH U 0011el kacaTeIbHOH.
Ciryqaii 1. OKpy>KHOCTH JIeXKaT TI0 OJJHY CTOPOHY OT KacaTeJIbHOM.

O0603HaYNM PagIyChl OKPYKHOCTEH R W 7, pacCTOSHHE MEXAY LEHTpaMH OKpykHocTei [ B mepBom ciaywae AK = R — 1, BO
BTOpOM ciiyyae AK = R+ r. I3 npsiMoyroapHOro TpeyroibHuka KAB HaxoauM:

B IICPBOM Cliy4ac
AB= /12— (R—r)2 = /502 — 142 = 48,

AB = /12— (R+7r)2 = /502 — 482 = 14.

BO BTOPOM cCJiydae

OrtseT: 48 mnu 14.
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8. 3amanme 16 Ne 507780. Pacctosausi oT 001mIel Xopapl ABYX MEPECEKAIOIMMXCA OKPYKHOCTEH 10

WX IIEHTPOB OTHOCSTCS Kak 2 : 5. O0miast Xxopa uMeeT JIUHY 2V3, a paanyc OIHOU U3 OKPY>KHOCTEH B

7IBa pasa 0oJblle pajnyca Apyroi oKpykHocTu. Haiinure paccTosiHre MeXy IIECHTPAMU OKPY>KHOCTEH.
Pemenue.
O003HaYMM LEHTPBI OKpyxHOCTeH O] 1 O,, OUH U3 KOHLIOB 00LIel XopIbl A, a TOUKy nepecedeHus oOLeH Xopabl U IpsMoii
0,0, oboznauum K. Tpeyronsuuxu O KA u O, KA npsamoyronsssle ¢ o0muM kareroM AK, paBHbBIM \/§ . O603HaUMM pazychl
rr—-3 5
4r2 -3

okpy>kHOCcTeH 1 1 21 [10CKONBKY YHCIHMTENb B JICBOH YAaCTH MEHBIIEC 3HAMEHATENs, PABEHCTBO

2
2-3 2
Torna ~ /=== — % - U3 sroro ypasHenus naxomum: 1> = 7. Torna KO1 = V1i—-3=2 u, 3Hauut, KO, = 5.

- 5 HEBO3MOXHO.

B 3aBHCHMOCTH OT B3aUMHOI'O PACIIOIOKEHUS OKpY)KHOCTEH (cM. pucynkn) OO, =2+5=T7um 0;0,=5—-2=3.

OtseT: 7 wim 3.
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9. 3aganue 16 Ne 510102. J[Be OKpY>KHOCTH KacarOTCs BHYTPEHHUM 0Opa3oM B TOUYKe A, MPUUYEM
MEHBIIIAas MPOXOJNUT 4Yepe3 MmeHTp Oonbmield. Xopaa BC Gonbliei OKpy>XKHOCTH KacaeTcsi MEHBIECH B
touke P. Xopabsl ABu ACTepecekaroT MEHbIIYIO0 OKPYKHOCTb B TOUKax K 1 M COOTBETCTBEHHO.

a) Jokaxwure, uro npsimpie KM u BC niapajuienabHBbI.

0) mycth L — Touka mepecedeHuss orpe3koB KM u AP. Haiinure AL, ecnu paguyc Oosblieit
oKpy»xHocTH paseH 10, a BC= 16.
Pemenue.

a) [Tycte O — uentp Oospuiel OKpyXKHOCTH. JIMHKS IIEHTPOB KACAIOLIMXCS OKPY>KHO-
CTeH MPOXOAUT uepe3 TOUKy KacaHus, modToMy OA — nauaMeTp MEHbIIeN OKpYXKHO-
CTH.

Touka K 5exut Ha OKpy>kHOCTH ¢ auameTpoM OA, 3Hauut, £ AKO= 90°. Otpe-
30Kk OK — TNepneHaMuKYJIsIp, OMYyIIEHHBIN U3 LeHTpa 00JIbLIeH OKPYKHOCTH Ha XOpIY
AB. Tloatomy K — cepeauna AB. Ananoruuno, M — cepenuna AC, nostomy KM
— cpenHss auHus TpeyroiasHuka ABC. CruenosarensHo. npsmele MK u BC napan-
JIETTBHBI.

6) Ornycrtum nepnenaukyssip OH Ha xopny BC. Torna H — cepenuna BC. U3
IPSAMOYTOJIBHOTO TpeyroiabHuka OHB HaxoauM, 4To

OH = \/OB?> —BH? = /100 — 64 = 6.

ITycts Q — ueHTp MeHblIeH okpykHOCTH. Toraa npsmele QP u OH mapannens-
Hbl. OmycTuM nepneHuKkyasap QF u3 neHTpa MeHsbIuel okpyxHoctd Ha OH. Toraa

OF= OH- FH= OH- QP=6-5=1;
PH = QF = Q0% — OF =251 =24;
OP’ = OH? + PHP =36 + 24 =60,

a M3 IPSAMOYTOJIEHOTO TpeyrojbHuKa A PO HaxoquM, 4To

AP =+/0A%? — OP? = /100 — 60 = 2v/10.

Otpesox KM — cpenusist muHus Tpeyronsanka ABC, mostomy L cpennsis AP. CnenoBateisbHo,

1
AL = EAP =v10.

Orser: 6) V' 10.
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10. 3aganane 16 Ne 511108. JIBe oKpy>KHOCTH KacaroTCS BHYTPEHHUM 00pa3oM. TpeThsi OKPY>KHOCTh
KacaeTcsi IePBbIX IBYX U UX JUHHUH LIEHTPOB.

a) Jlokaxxute, 4TO MEPUMETP TPEYTOJIbHHUKA C BEPIIMHAMH B IIEHTPaX TPEX OKPYKHOCTEH paBeH JIua-
MeTpy HauOOJNbIIEH UX ITUX OKPY>KHOCTEH.

0) Haiinmure paanyc TpeTheil OKpYKHOCTH, €CJIU U3BECTHO, YTO PAJMYCHI IIEPBBIX JABYX PaBHBI 6 U 2.

Pemenne.
a) Ilycts AB — auametp Ooublled U3 TpEX OKpyxkHOcTed, O — e€ uentp, O —
LEHTP OKPY>KHOCTH pajauyca I, Kalolicsa OKpYXHOCTH ¢ quaMeTpoM AB B Touke A, C

O, — LIeHTp OKPY>KHOCTH pajuyca K, Kacalolluiics OKpy>KHOCTU ¢ JuameTpoM AB B
Touke C, OKPYKHOCTH ¢ LeHTpoM O; — B Touke D, orpeska AB — B Touke E. Touku

0,
O, O, u C nexat Ha ofHOH NpsMoH, noatomy OO0, = OC —0,C=0C —R.
Ananornuno OO=0A — 01A=0A —r, 0,0,= O;D+O,D=r+R. R
CnenoBatenbHo, nepumerp TpeyroinsHuka OO O, paBeH B O = A
I

001 +002,+010,=0A—-r+0C—R+r+R=0A+0C =20A = AB.

0) [Tycte OA =6, r=2. Toroa
OE=R, 010,=2+R,
001 =0A—-—01A=6—-2=4, 00,=0C—-0,C=6—R.

W3 npsmoyroneHsIx TpeyronbHukoB O O, En OO, E HaxoouM, 94TO

O\E = /0,03~ 0:E2 = /(2 + R}~ R? = V41 4R,
OF = /00% — 0,E? = |/ (6~ R}~ R? = /36— 12R.

atak kak O1E = 001+ OF , 10 V4+4R =4+ /36 — 12R. 13 s10r0 ypaBHeHHs HAXOAUM, 4T0 R = 3 (3TO 3HAUMT,UTO

JIMaMeTp UCKOMOM OKPY>KHOCTH paBeH paJnycy HanOoublieil n3Tpéx oKpykHOCTeH, To 3Ta E coBrnagaet ¢ O).

Ortser: 3.
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11. 3apanne 16 Ne 512885. Paguycsl okpyxkHocTel ¢ neHrpamu O1 u O paBHBI COOTBETCTBEHHO |

u 3. Haiinure paguyc TpeThbel OKpPYKHOCTH, KOTOpasl KacaeTcsl NBYyX AaHHbIX U mpsimoit OOy, ecnu
0,0, = 14.
Pemenne.

ITycte O — meHTp TpeTheil OKpyKHOCTH, A — TOUYKa KaCaHWs NEPBOH U TPEThel OKPYKHOCTeH, B — BTOpO# u Tpetsei, C—
TpeTbeil okpyxkHocTH U npsiMoit O O,. Touku O), A u O nexat Ha onHoi npsmoi. Touku O,, Bu O Takxke nexaT Ha OJHOH mpsi-
MOI1.

IlycTh pammyc TpeTheii okpyxHocTH paBen x, torna 001 = 1+x, 00 =3 +x.

B npsmoyroneHoM Tpeyronsauke OCO| nMeeM 0.C= OO% —0C? =+1+2x.

B npamoyronsHoM TpeyronsHuke OCO, nmMeeM O0,C = \/ OO% —0C? =9 +6x.

0 \\\ |

G, o, g
Puc. 1 Puc. 2

b
b
Bl )
408 )(” [ \
Pl e e - e
0, )

Bo3Mo3KHEI 1Ba CiTydasi. HEpBbI cayyaii: Touka Cnexut Mexay Toukamu O u O, (pucyHok 1), Toraa

0102 = 0,C+ O0yC;
V142x+9+6x = 14;
vV (142x) (94 6x) = 93 — 4x,

oTKyna x = 12.
Bropoii ciayuaii: Touka O; nexut Mexay Toukamu C'u O, (pUCYHOK 2), TOrja

010, = 0,C— 041C;
V94 6x—V1+2x=14;
V(1 +2x)(9+6x) = 4x— 93,

otkyna x = 180.

OtseT: 12 nnu 180.
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12. 3apanne 16 Ne 512891. Paguycsl okpyxkHocTel ¢ neHrpamu O] u (O, paBHBI COOTBETCTBEHHO 2
u 10. Haiigute paanyc TpeTbell OKPY>KHOCTH, KOTOpasl Kacaercs AByX NaHHbIX U mpsmoil Oy Oy, ecnu
0,0, =28.

Pemenue.

ITycte O — meHTp TpeTheil OKpyKHOCTH, A — TOYKa KaCaHWs NEPBOH U TPEThel OKPYKHOCTEH, B — BTOpO# u TpeTbei, C—
TpeTbeil okpykHocTd U npsiMoit O O,. Touku O), A u O nexat Ha onHoi npsamoi. Touku O,, Bu O Takxke nexar Ha OJHOH mpsi-
MOI1.

IlycTh pammyc TpeTheii okpyxHocTH paBeH x, torna 001 =2+x, 00> =10+ x.

B npsmoyroneHoM Tpeyronsauke OCO; nMeeM 0.C= \/ OO% — OC? = 4 +4x.
B npamoyronsHoM Tpeyronsauke OCO, nmeeM 0,C=4/0 O% — 0C? = /100 + 20x.

o \\\ ;j

\

b

Bl )

AR Q(” { \

o —— D e

G 0, & 0, o,
Puc. 1 Puc. 2

Bo3MosKHEI 1Ba ciTydasi. HEpBbI caydaii: Touka CnexuT Mexay Toukamu O u O, (pucyHok 1), Torna

010, = 0,C+ 0,C;
V4 +4x + /100 4 20x = 28:
v/ (14x)(25+5x) = 85— 3x,

oTKyna x = 15.
Bropoii ciayuaii: Touka O; nexut Mexay Toukamu C'u O, (pUCYHOK 2), TOrja

010, = 0,C— 041C;
V100 + 20x — /4 + 4x = 28;
V(1 +x)(25+5x) = 3x — 85,

otkyna x = 120.

OtseT: 15 nnu 120.
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13. 3apanne 16 Ne 501712. Oxpyxnoctu paauycoB 11 u 21 ¢ nentpamu O; u Op COOTBETCTBEHHO
KacarTcs BHEITHUM oOpaszoM B Touke C, AO; u B(O» — mapajieiabHble Pauychl 3TUX OKPYKHOCTEH,
npuuéM £ A0 O, = 60°. Haitgute AB.

Pemenne.

Touku O,, O, u C nexar Ha O1HOH IPsMOI. B

Bosmosxnsl nBa ciryyas. I1epBblif caydaiil: Toukd A U B 1exat 1o ofHy cTopoHy ot npsamoi O; O, 4 _ﬁ
(puc. 1). Otpesox MA napannened npamoit O; O, (Touka M npuHajulexuT paguycy BO,), cinenosa- E_
tenbHo, O;O,MA — mapamtenorpamm: AM =00, = 32, 0/A =O,M = 11,
LOMA= £LAO,0,=60°.

B tpeyromsauke AMBumeem MB= 10, AM=32, £ AMB=120°, oTkyna Prc. 1

AB = \/AM? +MB? —2.AM -MB-cos /AMB = 38.

Bropoii ciyuaii: Touku A u B nexar 1o pasHsle cTOpoHBI 0T oTpe3ky O; O, (puc. 1). Otpesox AM
napajieneH npamoil O; 0, (Todka M JeXUT Ha NpoAoibKeHuH paguyca BO, 3a Touky O,), cleqoBa-
tenbno, O,0,MA —  mapamnenorpamm: AM =00, = 32,0/A =0O,M = 11,
£LO,MA=LAO,0, =60°.

B tpeyronsanke AMB nmeem MB = 32, AM =32, £ AMB = 60°, 3Ha4HT, TpeyromsHuK AMB —
TIPaBHIBHBIN, OTKyHoa AB = 32.

Orsert: 32 nin 38.

14. 3aganne 16 Ne 502077. B OKpyXHOCTHM  MHpOBEAEHBI  XOpabl PQ u CD, npuuém
PQ=PD=CD=8, CQ= 6. Haitmute CP.

Pemenne.
Bo3moskHs! 1Ba ciydast. [1epBblit cirydait: Touku D u Q nexaT B pa3HbIX MOJIYIUIOCKOCTSX OTHOCUTENbHO npsiMoit  CP (puc. 1),

torna £ PQC=180°— £ PDC.

B tpeyronsaukax PQCu PDC £
PC? = PQ*+ QC? —2-PQ-QC -cos ZPQC = 100+ 96 - cos /PDC;
PC* = PD* +DC*—2-PD-DC-cos ZPDC = 128 — 128 - cos ZPDC, P D
otkyma €0s ZPDC = %; PC = 4V/17.

Bropoii cirydaii: Touku D i Q IeXat B OJHO# MOTYIUIOCKOCTH OTHOCHTENIbHO psiMoii  CP (puc. 2), Torna ZPQC = ZPDC.
B tpeyronsnukax PQCu PDC L Q
PC? = PQ*+QC*—2-PQ-QC -cos ZPQC = 100 — 96 - cos ZPDC;

PC?* = PD*> +DC* —2-PD-DC-cos /PDC = 128 — 128 - cos ZPDC,
7
OTKyZa cos ZPDC = g’ PC =4.

Otser: 4 wm 4V/7.
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15. 3aganue 16 Ne 502097. B OKpYXHOCTHM  MpPOBEAECHBI  XOpAbl PQ u CD, npuuém
PQ=PD=CD=10, CQ= 6. Haiinute CP.

Pemenue.
Pewenue.

Bosmoxwus! aBa cioy4as. [1epBorif cimyqait: Touku D u Q neXaT B pa3HBIX IMONYIIOCKOCTSX OTHO-
curensHO npsimoit CP (puc. 1), torma £ PQC= 180° — £ PDC.
B tpeyromsaukax PQCu PDC:

PC? = PO* +QC*—2-PQ-QC - cos ZPQC = 136 + 120 - cos ZPDC;
PC? = PD*> +DC?*—2-PD-DC - cos ZPDC = 200 — 200 - cos ZPDC,

1
OTKyJla cos ZPDC = g; PC =4+ 10.

Bropoii ciayuaii: Touku Du Q JIeXkaT B OJHOHN MONYIIIOCKOCTH OTHOCHTENBHO TipsiMoit CP (prc. C' O
2), rorma £ PQC= £ PDC. B tpeyromsaukax PQCu PDC , ~i

PC? = PQ>+QC*—2-PQ-QC - cos ZPQOC = 136 — 120 - cos ZPDC:;
PC? = PD> +DC?—2-PD-DC - cos ZPDC = 200 — 200 - cos ZPDC,

4
otkyma €OS ZPDC = = PC =2+/10. P D

5
Puc. 2
OrtBer: 2@;4@
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16. 3ananue 16 Ne 504243. J/IBe okpy’HOCTH nepecekaroTca B Toukax P u Q. llpamas, npoxoasias
yepes TOUKy P, BTOpO pa3 MepeceKaeT NePBY0 OKPYKHOCTh B TOUKE A, a BTopyro — B Touke D. I[lps-
Mas, MpoxoJsmas 4yepe3 Touky () mapaienbHo AD, BTOpOW pa3 MepeceKkaeT NEPBYI0 OKPYKHOCTh B
TOuke B, a BTopyto — B Touke C.

a) Jlokaxxure, 4To 4eThIpEXYTrobHUK A BCD — napanienorpamm.

6) Haiigure otHomenue BP : PC ecnu paauyc MepBOi OKPY>KHOCTH BIBOE OOJIbIIE paauyca BTO-
poii.

Pemenue.

a) O6o3naunm £ BAD = £ PAB = a. Ilockonbky ABPQ u CDPQ —
BITUCAHHBIE YETHIPEXYTOIBHUKH.

/BQP = 180° — «,
ZCQP = 180° — ZBQP = 180° — (180° — o) = ¢,
/ADC = /PDC = 180° — ZPQC = 180° — «.
3naunt, £BAD + £LADC = 180°, u nostomy AB || CD. Ilpotusoro-

JIO’KHBIE CTOPOHBI YeTHIpEXyToNbHIKAa ABCD nonapHO mapaieNbHb, CIeI0-
BaTEIIbHO, 3TO MapaUIEIOTPAMM.

6) IIycte R — paanyc BTOpoO# (MeHbIIeH) oKpyXkHOCTH. Torma pamuyc Oomnbieii okpykHOCTH paBeH 2 R. I1o Teopeme cuHy-
COB:

BP =2-2Rsin /ZBQOP = 4Rsin(180° — o) = 4Rsin
PC =2Rsin Z/CQP = 2Rsin .
CrnenoBareibHO,
BP  4Rsina )
PC  2Rsino

Ortser: 2.

17. 3ananne 16 Ne 484607. J/IBe OKpy>KHOCTH, paauyChl KOTOPBIX paBHBI 9 U 4, KacaroTCsl BHEIIHUM
oOpazom. Haiinute paauyc TpeTheil OKpY>KHOCTH, KOTOpasi KacaeTcsl IBYX JNAaHHBIX OKPYKHOCTEH M HX
00111el BHENIHEN KacaTeIbHOMN.
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Pemenne.
Bo3moxHBI fiBa ciTydas B3aUMHOT'O PACTIONOKEHHSI IPSIMOM U OKPYKHOCTEH.

Ilepssrif ciaydaif. I1ycTb OKpyXHOCTB ¢ LieHTpoM O; uMeeT panuyc r= 4, oKpyKHOCTb LeHTpoM O, uMmeeT panuyc R =9, a okpyx-
HOCTB C leHTpoM O IMeeT painyc X M KacaeTcs IBYX NaHHBIX OKPYKHOCTEH M MX OO0IIeil BHEITHEH KacaTenbHOH a.

O603HaunM uepe3 A, Bu C TOUKH KacaHUsl OKPYKHOCTEH ¢ MpsiMoid a, a yepe3 K, M u N — TOUKHM KacaHUsi CaMHX OKPY>KHO-
creit. Otpesku O)A, O,Bu OC nepneHauKyJsIpHbI IPIMON 4 KaK paJlyChl, IPOBEIEHHBIE B TOUKH KacaHUsI.

Omnyctum nepnenaukysap O;D U3 HeHTpa MEHbIIEH U3 JaHHBIX OKpYyXKHOCTEH Ha paguyc O,B Goibliell OKpyKHOCTH H Iep-
nenaukyapsl OEu OF u3 touku O Ha paguycsl OjA u O,B. Ilockoneky O A || O, B, Touku E, Ou F nexar Ha oJHOU IPsMOH, a
Tak kak O) DFE — npsmoyronsHuk, To Oy D= EF.

Kpowme Ttoro,

0,10=r4+x,010=r+R,0,0=R+x, O E=r—x,O0F=R—x,0,D=R—r,O)D=EF =EO-+OF.

Janee umeem:

VR =R =/ (r+x)2 — (r—xP 1/ (R+2)? — (R—2)? &
2VRr =2/rx+2VRx & 2-3 =2\/x+3/x = x= 1,44,

Bropoif cirygari. I1ycTs Tenepb OKpYyKHOCTb € IIeHTpoM O; umeer paaunyc R =9, okpyxHoCTb ¢ LeHTpoM O umeeT paauyc r=4, a
OKPY’KHOCTb HEHTpOM (O, UMEET PaAUyC X M KacaeTcsl ABYX JAHHBIX OKPY>KHOCTEH 1 UX oOlei BHelIHel KacaTeIbHOH a.

AHanorn4Ho ciyvarmo 1 umeem:

VR = (=R = \JR+ 12 = (R 12 (x4 12— (6= 12
& 2VRx = 2VRr + 2\/rx & 3y/x = 2/x+2-3 < x = 36.

Ortser: 1,44 unu 36.
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18. 3aganue 16 Ne 484609. IIpsimas kacaeTcst okpykHOcTel paguycoB R u r B Toukax A u B. 13-
BECTHO, UTO PACCTOSTHUE MEXAY LICHTPAMU paBHO 4 ipudeM r < Ru r + R < a. Haitgute AB.

Pemenue.
ITyctes O} — 1eHTp OKpyKHOCTH paauyca R, O, — LEHTP OKPY>KHOCTH paauyca I, A 1 B, COOTBETCTBEHHO, — TOYKHU KaCaHUs
OKpYXXHOCTEH ¢ uX o0meil BHemH el kacartensHoi, C n D, COOTBETCTBEHHO, — C BHYTPEHHEH, P — OCHOBaHHE NEPHEHANKYIIIPA,

onymennoro us O, na O A.

W3 npsimoyronpsHoro tpeyronebHuka O; O, P HaxoauM, 4To

OP =1/ 0103 —01P* = \/a®> — (R—r)?,

a Tak kak A PO, B — npsAMOYTONIBHUK, TO AB = O,P = a* — (R - ”)2-

ITycts Q— ocHOBaHUE NEPNEHIMKYJIAPA, OIlyLIeHHOro U3 (O Ha mpojoipkeHue paguyca O,D.

Torma 010 = \/010%—02Q2 = \/az— (R+r)2.
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19. 3ananue 16 Ne 484616. OkpykHOCTb S TPOXOAUT Yepe3 BepiinHy C IpsIMOTo yIiia U MPEeCceKaeT
€ro CTOPOHBI B TOYKaX, yAaJ€HHBbIX OT BepiinHbl C' Ha pacctosiHug 6 u 8. Halinure paguyc okpy>KHO-
CTH, BIMCAHHOM B JIAaHHBIM YTOJI U KACAIOIIUNCA OKPY>KHOCTHU S.

Pemenue.

IIycTte oxpyxHOCTE S ¢ TIeHTpoM O U pagmycoM R IepecekaeT CTOPOHBI JaHHOTO MPSMOTO yria B Toukax A u B, AC = 8§,

BC = 6, uckoMasi OKpy>XHOCTB ¢ IIeHTpoM ( kacaetcst cTopoH U BC yma ACB B Toukax N U K COOTBETCTBEHHO, a OKPYKHOCTH
S— B Touke M.

A
N
o o
N — N
FN E:
F S =k
H N i
C T CHB £

Touka O — EHTp OKPY>KHOCTH, OIIMCAHHON OKOJIO MPSMOYTOJNBHOTO TpeyronsHiKa ABC, mostoMmy O — cepeinHa ero THIO-
TeHy3bl AB.

1 1 ——— 1

JIvHUS LEHTPOB BYX KacarolUXcs OKPY>KHOCTEH NMPOXOIUT uepe3 TOUKY MX KacaHUs, Mo3ToMy Touku M, O u Q nexar Ha
onHOI nmpaMoi. OmycTuM nepneHaukynsap OH U3 neHTpa okpykHocTd S Ha npsimyto BC. Torna OH — cpenssist TUHUS TPEeyTroJib-

HuKa ABC mo3roMy OH = EAC =4 yCH = EBC = 3, a TaK KaK LEHTP OKPYXHOCTH, BOUCAHHOM B YTOJI, JIEKUT Ha €0

ouccekrpuce, To0 £ QCK =45°, nosromy CK= QK =r.
OnyctuMm neprneHaAnKyIsap QF U3 meHTpa HCKOMOH OKpyKHOCTH Ha npsamyo OH. Torma

OF = |OH—FH| = |OH—QK| = |4—r|, QF =KH = |r—3|.
[penmnonoxuM, 4To UCKOMasi OKPY>KHOCTh X OKPY>KHOCTh KacarTcs BHYTpeHHUM oOpa3oM. Torna
O0=0M—-Q0OM=R—r=5-—r.
PaccmoTpum npsmoyronsHsli Tpeyronsauk OFQ. 1o Teopeme IIndaropa 002 = OP + QF2 W
(5— V)2 =(4— V)2 +(r— 3)2, OTKyJIa HAXOIHUM, 4T0 ¥ = 4.
Ecinu sxe rickoMasi OKpy»KHOCTh KacaeTcsl JaHHOW BHEITHUM 00pa3oM, TO
O0=0OM+0OM=R+r=5+r
Torma U3 COOTBETCTBYIOIIETO ypaBHEeHHU (5 + r)2 =4- r)2 +(r— 3)2 HaxoIuM, 9To 1 = 24.

Ortsert: 4 v 24.
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20. 3aganne 16 Ne 484619. Haiinure nimHy oTpeska oOIel KacaTeIbHON K ABYM OKPY>KHOCTSM, 3a-
KIIFOUCHHOTO MEXIy TOYKAaMU KacaHHWs, €CIU PaguyChl OKPYKHOCTEH paBHBI 23 W 7, a pacCTOSHHE

MEXy LIEHTpaMU OKPYKHOCTEN paBHO 34.
Pemenne.
ITycTtb neHTpsl OKpyskHOCTEH — Touku O; u O,, a A u B — Touku kacanus. IIposesnem yepe3 Touky B npsaMyo, napaiieib-

nyto O, 0,. Touky nepeceuenns toi npsamoii ¢ Oy A 06o3nauuM K. Tpeyronbauk KAB — NpsAMOYroibHbIH.

Bo3MokHBI 1Ba ciTydasi pacoN0oKeHUs OKPYKHOCTEH U 0011el KacaTeIbHOH.
Ciryqaii 1. OKpy>KHOCTH JIeXKaT TI0 OJJHY CTOPOHY OT KacaTeJIbHOM.

O003HaYNM PagIyCHl OKPYKHOCTEH R W 7, pacCTOSIHAE MEXIy IIEHTpaMu OKpyxHocTel [ B mepBom ciydae AK = R — 1, BO
BTOpOoM ciiydae AK = R+ r. I3 npsimoyroapHOTro TpeyroiabHuka KAB HaxoauM:

B IICPBOM Cliy4ac
AB = /12— (R—r)2 = /342 — 16 = 30,

BO BTOPOM cCJiydae

AB = /12— (R+r)2 = /342 — 302 = 16.

Ortsert: 30 nu 16.

21. 3amanue 16 Ne 501609. OxpyskHOCTh paaumyca 6v2 BHucaHa B mpsMoil yroji. BTopas okpyx-
HOCTh TaK)K€ BIIMCAHA B ATOT YIroJl M IIEpeceKaeTcs ¢ nepBoul B Toukax M u N. M3BecTHO, 4TO paccTos-

HHUE MEXAY LICHTpaMu OKpYy>XkHOCTeH paBHO 8. Halinute MN.
Pemenue.

[Tycts O} — LEHTp OKPY’KHOCTH pajuyca 6\/5, O2 — BropOit OKPYXKHOCTH, A — BEpIINHA IPSMOTO YIJIa, TOT/a

6v?2
0A = f
sin45°

BosmoxHbl 1Ba ciyuasd. IlepBblif ciyyaii: Touka O; IeKUT Mexay Todkamu A u O,
(puc.1), torma O,A =0A + 00, = 20, orkyga paauyc BTOPOHl OKPYKHOCTH
O02M = 10V/2.

B Tpeyromsuuke O;MO, wumeem: 0102 =8, O1M = 6\/5, O,M = 10V2. Mo- 4

CKOIBKY 00mmast xopaa MN okpyKHOCTEH NepIeHANKYISIpHA THHUK IeHTpoB O; O, U OenuTcs

€10 nonosuam, Beicota MN tpeyronsauka Oy MO, paBHa nojaosune MN.

IMomynepumetp Tpeyronsauka Oy MO, pasen P = 4+ 8\/5, TOT/a JUTS IUTOLIAH TPEYTOJIbHUKA HMEEM:
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Somo, =/ p(p— 0102)(p— O1M)(p— 02M) = 814,

28
oryna MN = % =2V14, MN = 2MH = 4V 14.
1U2

Bropoil cmyuaii: Touka O, nexur Mexay Toukamu A u O; (puc.2), Torma
0,A= O,A— 0,0, = 4, otkyna paauyc BTopoii okpyskuoctu Or2M = 2V/2. B TPEYrobHHU-

ke O,MO, wumeem 0,0, = 8, O1M = 6\/5, OM = 2V2. AHaJIOru4HO NEPBOMY CIIy-
qaro, BeicoTa MN TpeyronsHuka Oy MO, paBHa nonoBuHe MN.

B tpeyronsauke O; MO, nonynepumerp:

0102+ O1M + O.M
oo 210 ; My aa,
Somo, = \/p(p_ 0102)(p—O1M)(p—O,M) = 8\/5’

2850,m0,

=2v2, MN = 2MH = 4V/2.
0,0,

OTKyJla MN =

IIpuBeném penieHue 3aja4v METOJIOM KOOPAUHAT.
3amMeTHM, 9TO HEHTP OKPYKHOCTH JISKUT Ha OMCCEKTPUCE MPSIMOTO YIia, HIOATOMY PACCTOSTHUE y

MEXJy LIEHTpaMHU OKpY>KHOCTEH paanycoB R U r paBHO R\/E —r \/5, rae R > r. Tlo ycno-

BHIO 9TO PACCTOSHHUE PABHO 8, TIOITOMY €CIIU PaJryCc OONbLIEH OKPYKHOCTH R = 62 (cimy-
yaii 1), To:

6/2vas_ 4
r—T—ﬁ—Z\/E.

a eCJIM PaJInyC MEHbIIEN OKPYKHOCTH F = 62 (ciyyaii 2), To:

:6\/5\/5—1-8:&:10\/2

V2 V2

[TomecTnM Hadano CHCTEMbI KOOPAHHAT B BEPUIMHE MPSMOTO yIa, a KOOPAWHATHBIE OCH PACIOIOKUM BAOIb €r0 CTOPOH.
Torpa B citydae 1 KOOpaAMHATBI TOUEK NEPECEUEHUS OKPYKHOCTEH MOKHO HAMTU U3 CUCTEMBI ypaBHEHUM:

{ (x—2v2)*+ (y—2v2)* = (2v2)%,
(x—6v2)> + (y—6v2)? = (6Vv2)?,

R

petmast koTopyto, Haxomum: M (2\/5 —2;2v2+ 2),N (2\/5 +2;2v2 2). Torza 1o hopmyste pacCTOSHMA MLy ABYMS
TOYKAMHU HAXO[HM: MN?* = (2\/5 —2-2V2~ 2)2 + (2\/5—1— 2-2V2+ 2)2 =474 4% = 32, OTKyZa
MN = 4V/2.

B caygae 2 nmeeM cucteMy ypaBHEHHI:

(x—6v2)* + (y— 6v2)* = (6v2)*,
(x—10v2)% + (y — 10v/2)? = (10v/2)?,

pemiast KOTOpyro, HaXOAWM: M(4\/§ - 2\/’7; 4\/5 + 2\ﬁ)> N(4\[2 + 2\/7; 4\[2 - 2\/7) Hanee naxomm
MN? = (4V7)? + (—4V7)? = 122+ 112 = 224,

orkyma MN =4V 14.
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Orser: 4v/2 wm 4V 14.

22. 3apanue 16 Ne 484626. Jlana okpy>KHOCTh paanyca 4 ¢ HeHTpoM B Touke O, pacloyioKEHHOMN Ha
ouccektpuce yria, papHoro 60°. Haiinure paanyc okpy>KHOCTH, BOMCAHHOM B JIaHHBIN YToJl U Kacaro-
mielcs JaHHOM OKpPY>KHOCTH BHEIIHUM 00Opa3oM, €CJIM U3BECTHO, YTO paccTosiHUE OT To4uku O 10 Bep-
IIMHBI yri1a pasHo 10.

Pemenne.

ITycTh Q — LeHTp MCKOMOM OKPYKHOCTH paguyca X, M — To4ka KacaHUsl ¢ JAHHOHW OKPY>KHOCTBbIO, B — TOYKa KacaHHs C
OJTHOI M3 CTOPOH JITAaHHOTO yIiia ¢ BepIMHON A. I[eHTp OKpYKHOCTH, BIMCAaHHOW B YToOJI, JEKHUT Ha OUCCEKTPUCE yIIa, MOITOMY
£ BAQ = 30°. U3 npsimoyroapHOTO TpeyroibHuka BAQ HaxonuM, uto AQ =2QB = 2x. [lyctb Touka Q nexut mexny A u O (puc.

1).

JIvHUS LEHTPOB KacaroIUXcs OKPY)KHOCTEH MPOXOIUT uepe3 TOUKy MX KacaHud, mostomy AO =AQ + QM + MO, wn
10 =2x + x + 4, oTKy1a HAaXOAUM, YTO X = 2.
ITycts Touka O nexut Mexny A u Q (puc. 2),

@.

torma AQ=AO+ OM+ MQ,wmn 2x =10+ x + 4, otkyna x = 14.

OtBeT: 2 unu 14.
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